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Now (1) will have either one or three real roots. If three, two of them 
by Descarte's Rule of Signs will be positive and one negative. In the former 
case the quantity 9/m s — 4/m under the radical sign in (2) will be positive. In 
the latter case it will be negative. Consequently the point of change from the 
reducible to the irreducible case of Cardan will be when 9/m s — 4/to=0, which 
gives l/m=jj. Substituting this value In (1) we have r s —Rr 2 + 4-R 3 /27=0. .(8), 
whose roots are r,=— R/3, and r 2 =r g =fft. The positive roots being equal 
shows that |- is the maximum value of 1/m which will give positive roots. 

II. Solution by the PE0P0SEE. 

Let a be the radius of the hollow sphere, and x the diameter of the solid 
sphere, and, therefore, the weight of the water. Then the center of the hollow 
sphere is x—a or a—x from the surface of the water ; and we find that 
]/(2ax— a; z )=radius of surface of the water, and as the amount of water=one 
half the cylinder having area of surface of water for base and height of water for 
altitude it is equal to i7tx 2 (2a—x)^Aina s )/B, (using n instead of 1/m). Re- 
ducing we have x s — 2ax 2 =' y — 8na 3 )/3. This being a cubic equation, it has three 
roots; and as their product is negative, one, or all of them must be negative ; but 
as their sum is positive at least one of them must be positive ; and taking both 
of them together, there must be two positive roots, and therefore x has two val- 
ues, each of which answers the conditions. From our equation we have 
n=3(2aa; 8 — x* )/8a s . Differentiating and reducing we find x— 4a/3, and substi- 
tuting this in the expression for the value of n, we haven=l/m=f . When 1/m 
=4. K=4a/3, and the equation has two equal positive roots — practically but not 
mathematically, an exception to the proposition that x has two values, each of 
which satisfies the conditions. 

Also solved by H. C. WHITAKER and O. B. M. ZBBB. 

121. Proposed by ELMER SCHUYLER, B. So., Professor of German and Mathematics, Boys' High School, 
Beading, Pa. 

Solve (xS+y s +z 5 ) x +(x + y) 2 =^Sl. 

( X 5 +y S _j_ s 5)3 4 (x+y+z) 8=729. 
(x+y)*+(x + y+zy=31. 

Solution by W. F. BUCK, Instructor in the Science Department, Leominster High School, Leominster, Mass. 

Let x s +y s -\-z s =r (4). 

x + y=s (5). 

x+y + z=t. . . .(6). 
Then from the original equations, 

r 3+s s =31, r»+( 5 =729, s s +( 8 =:31, 
which easily give 

r=fV-, s^-BFs t=fi|*....(7). 



result 
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From (5) and (6), z=t—s. Therefore, from (4), a; 5 + </ 5 =r— («— s) B . 
Dividing this by (5) and subtracting (5) raised to fourth power from the 



— 5sxy 
But from (5), x 2 +xy + y 2 =s 2 —xy. 



. a 2 2 r—(t-s) s -s 5 , , . , \r-(t-s) 6 —s 6 , s 4 ,_ N 
.-. x*y*-8*xy= ^ , and xy=--\z* ± J g^ + ^-..(8). 

Subtracting (8) multiplied by 4 from (5) squared, and taking square root 
obtain x—y, from which with (5), 



x=is ± i 



n!- ss:f \! 



r— It— s) 6 s 4 
6s T 



whence a; by substitution from (7), then x and y from (5) and (6). 

Also solved by J. SCHEFFEB, and G. B. M. ZERR. 

122. Proposed by JOSIAH H. DRUMMOND, LL. D.. Portland, Me. 
A man buys a five per cent, ten-year bond at such a price as enables him to spend 
annually three per cent, upon his investment and by continually investing the residue of 
the annual interest and its increase annually at four percent., at the end of term upon 
payment of his bond has his original investment. What price per $100 does he pay for 
the bond ? 

Solution by D. G. DOEEANCE, JE„ Camden, Oneida County, N. T.; and H. C. WHITAKEE, A. M„ Ph. D., 
Manual Training School, Philadelphia, Pa. 

At the beginning of the time, the man pays %x for the bond ; at the end of 

the time, he receives $100 and an accumulated annuity of ($5— ,03a;) running for 

10 years at 4%. The value of the annuity at that time was 25(1. 04 10 — 1)(5— 

03ic), =12.0061(5-. 03a;). 

Hence x=100 + 12.0061(5-. 03a;), from which a;=$117.6537. 

By a slightly different construction which allows for only nine years' expenditure, Professor Zerr 
obtains the result $116,548. 



MECHANICS. 

118. Proposed by M. E. ANDERSON, Minneapolis, Minn. 

A closed steel cylinder of length L and diameter D is placed in a horizontal position. 
The cylinder is filled with water to a depth (a) from the lower side, the space above the 
water being filled with air at a pressure Pi . 

What work will be done against this increasing pressure, and against gravity, by a 
pump forcing water into this tank until the pressure has increased to Pi ? Suppose the 
level of the water in the tank at the beginning to be the same as that of the reservoir from 
which the water is pumped. 



